Let G be a reductive group scheme of type A acting on a spherical scheme X. We prove that there exists a number C such that the multiplicity dimHom(ρ, C[X(F )]) is bounded by C, for any finite field F and any irreducible representation ρ of G(F ). We give an explicit bound for C. We conjecture that this result is true for any reductive group scheme and when F ranges (in addition) over all local fields of characteristic 0.
Introduction
Let G be a reductive group over a field k. A normal G variety X is called spherical if, for any Borel subgroup B ⊂ G, there is a dense B-orbit in X. If the characteristic of k is zero, the G-representation O X (X) is multiplicity-free. If k is a local field of characteristic 0, one can consider the G(k)-representation on the space C ∞ (X(k)). In this case, it is conjectured that the multiplicity dimHom(ρ, C ∞ (X(k))), of every irreducible G(k)-representation ρ, is finite, and, moreover, that these multiplicities are bounded uniformly in ρ. Parts of this conjecture were proved in special cases; see [Delo10, SV, KO13, KS16] .
In this paper, we consider an analog question for finite fields:
Conjecture A. Let G be a smooth reductive group scheme over Z acting on a scheme X. Assume that, for every prime p, the variety X Fp := X × Spec(F p ) is G Fp -spherical. Then there is a constant N such that, for any finite field F and every irreducible representation ρ of G(F ), the multiplicity of ρ in C[X(F )] is less than N.
We prove:
Theorem B. Conjecture A holds if, in addition, G has type A, i.e., if, for every geometric fiber G k (where k is any algebraically closed field), the universal cover of [G k , G k ] is a product of special linear groups.
Remark 1.0.1. We prove a stronger statement (with an explicit bound on the multiplicity) in Theorem 3.1.4.
Motivation
The conjectures above are motivated by the analysis of principal series representations. The multiplicity of a principal series representation is the dimension of the space of Bequivariant functions on X with respect to corresponding character. This dimension can be bounded in terms of the number of B-orbits on X.
Experience shows that the multiplicities of principal series representation bound the multiplicities of all irreducible representations. A possible explanation for this phenomenon is that representations tend to become principal series representations after a base change, and that base change should not affect the multiplicities or at least affect it in a controllable manner.
Idea of the proof
The proof for GL n and its forms is based on Lusztig's theory of character sheaves, which is simpler for GL n than for other groups. In particular, any character sheaf of GL n is induced from a character sheaf of a torus. Using this, we prove a categorified version of Theorem B by categorifying the argument for the principal series. Namely, instead of bounding the multiplicity, we bound the weight, the homological dimension, and the highest homology of a certain ℓ-adic complex that corresponds to the multiplicity (see Lemma 2.3.4). This already gives a uniform bound on the limit of the multiplicities when the field is F = F p n and n tends to infinity. Since the multiplicities have a geometric nature and take integer values, we show that the sequence of multiplicities is periodic in n (see Lemma 2.4.1), so the bound holds also for small n.
The reduction of general type A case to the case of GL n is done by classical representation theoretic technique. This technique allows us to control the multiplicity when a finite group is replaced by a subgroup of a given index, by a co-central subgroup, or by its extension (see Lemmas 3.2.1, 3.2.2). Any group of type A can be related to a form of product of general linear group by such modifications (see Lemma 3.1.1).
Structure of the paper
In §2 we prove an explicit version of Theorem B for forms of product of general linear groups (see Theorem 2.1.3). In § §2.1 we formulate this version. In § §2.2 we give an overview of the relevant parts of the theory of character sheaves; these are summed up in Theorem 2.2.2. In § §2.3 we introduce an ℓ-adic complex that measures the multiplicity (see Lemma 2.3.1) and give bounds on this complex (see Lemma 2.3.4) . In § §2.4 we prove the theorem.
In §3 we deduce an explicit version of Theorem B for all group of type A (see Theorem 3.1.4).
In Appendix A we explain how to deduce Theorem 2.2.2 from the existing literature. In order to formulate the theorem in the GL n case, we use the following Notation 2.1.1. Let G be an algebraic group. Assume G acts on an algebraic variety Y .
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• Assume G is reductive with Borel B. Denote the number of absolutely irreducible components of (Y × G/B) G by c(G, Y ).
, Y is spherical if and only if there are finitely many B orbits in Y . This is also equivalent to dim(Y × G/B) G = dimG.
Definition 2.1.2. Let G be an algebraic group over a field k. We say that G has type GL if G k is a product of general linear groups.
The main result of this section is:
Theorem 2.1.3. Let G be an algebraic group of type GL over a finite field F q . Let X be a spherical G-space. Then, for every irreducible representation ρ of G(F q ),
Character sheaves
The proof of Theorem 2.1.3 is based on Lusztig's theory of character sheaves. We very briefly summarize this theory for GL n , assuming the reader is familiar with perverse sheaves and Weil sheaves (see [BBD81, KW01] ). Fix a prime power q, a prime ℓ prime to q, and an identification C = Q ℓ . For a complex F of ℓ-adic sheaves on an algebraic variety X together with a Weil structure α, we denote the corresponding function by
Definition 2.2.1. Let G be a reductive group over F q with Borel B and maximal torus T ⊂ B. Denote the projection B → B/[B, B] = T by π B .
is trivial, for some n prime to q.
Consider the diagram
, and π is the projection. For a character sheaf L on T , there is a local system
Theorem 2.2.2. Let G be an algebraic group of type GL defined over F q . For every irreducible character ρ of G(F q ), there is an induced character sheaf M together with a Weil structure α : Frob * q M → M which is pure of weight zero, such that χ M,α = ρ. This theorem follows from [Lus86, Lus84, Sho95] . We explain this in Appendix A
Bounds on the multiplicity complex
With the notations of Theorem 2.1.3, let ρ C[X(Fq)] be the character of the module C[X(F q )]. By Theorem 2.2.2, in order to prove Theorem 2.1.3, it is enough to prove that, for each induced character sheaf M with pure Weil structure α of weight zero, we have
Fix such M, α. By definition, there is a character sheaf L on a maximal torus T such that M is a direct summand of ind T L. Choose a Borel B ⊃ T and consider the diagram
where f, π, f , π, q, p are the projections and τ i are as in Definition 2.2.1. Let K be the local system on (G/B) G such that τ * 2 K = τ * 1 L, and let K = f * K. Denote the trivial one-dimensional local system on X G by Q ℓ , and give it the identity Weil structure.
Lemma 2.3.1. Let β be the natural Weil structure on
Proof. By the Grothendieck-Lefschetz trace formula, for every g ∈ G(F q ),
and
We now study the weights and the cohomologies of
Proof.
The following is well-known:
Lemma 2.3.3. Let X be a variety of dimension d and let F be a one-dimensional local system on X. Then H i c (X, F ) = 0 unless i ∈ {0, . . . , 2d} and dimH 2d c (X, F ) is bounded by the number of irreducible components of X.
The last two lemmas give us:
Proof. It is enough to prove the corollary when M is replaced by ind T L. By lemma 2.3.2, it is enough to bound the weights and cohomologies of Rp ! K. The claim about the weight follows from the fact that push forward with proper support maps mixed sheaves of weight ≤ 0 to mixed sheaves of weight ≤ 0. The rest of the claims follow from Lemma 2.3.3.
2.4 Proof of the main result for the GL case (Theorem 2.1.3)
In order to complete the proof of Theorem 2.1.3 we use:
Lemma 2.4.1. Suppose φ ∈ C(x 1 , . . . , x m ) is a rational function. Let v ∈ (C × ) m such that φ is regular at v n , for all n ∈ Z >0 , and the set {φ(v n )|n ∈ Z >0 } is finite. Then the function n → φ(v n ) is periodic on Z.
For the proof, we use the following lemma, which is an immediate corollary of the Ax-Grothendieck theorem:
Lemma 2.4.2. Let G be an algebraic group and H ⊂ G be a Zariski-closed sub-semigroup. Then H is a subgroup.
Proof of lemma 2.4.1. Let T be the Zariski closure of the set {v n |n ∈ Z >0 } in (C × ) m . By Lemma 2.4.2, T is an algebraic group. The assumptions imply that φ| T takes finitely many values on its domain of definition. Hence, φ| T is regular and constant on connected components. Thus, the function n → φ(v n ) factors through a homomorphism to the finite group π 0 (T ). This implies the assertion.
Proof of Theorem 2.1.3. Let
. By Lemma 2.3.1, we have that, for all n ∈ N,
Since χ M,α n is the character of a representation, the RHS is an integer. We have to show that f (1) ≤ c(X, G). Let ζ 1 , . . . , ζ r be the eigenvalues of α on A • (including repetitions). By Lemma 2.3.4, we can assume that
for some t ≤ c(X, G). Thus, there is a linear functional Q ∈ (C r−t ) * such that
There is also a linear functional P ∈ (C m ) * and numbers
Since the values of f are integers, this implies that f has finitely many values. Thus, by Lemma 2.4.1, f is periodic. Therefore,
3 Reduction to the GL case
Fomulation of the main result
The reduction of Theorem B to Theorem 2.1.3 is based on the following lemmas:
Lemma 3.1.1. For every reductive group G of type A over F q there are groups G ′ ⊂ G ′′ and isogeny i :
Proof. Let G 1 := [G, G] be the commutator subgroup of G, and let G 1 be its universal cover. Set G ′ = G 1 × Z(G) and i : G ′ → G be the natural map. Using the clasification of reductive groups over finite fields, we can write
for some finite extensions E i of F q . Setting
the result follows.
Notation 3.1.2. For a reductive group G of type A over F q , define
Notation 3.1.3. Let Γ be a finite group acting on a finite set Ω. Denote
The following theorem implies Theorem B.
Theorem 3.1.4. Let G be a reductive algebraic group of type A over a finite field F q . Let X be a spherical G-space. Then,
Proof of the main result (Theorem 3.1.4)
For the proof, we will need the following: Lemma 3.2.1. Let i : Γ ′ → Γ be a morphism of finite groups and Ω be a Γ-space. Then
Proof. Let ρ be an irreducible representation of Γ and let Res
we have
Proof. Any representation of Γ can be extended to
Let ρ be an irreducible representation of Γ · Z(Γ ′ ). We have
Lemma 3.2.3. Suppose that G ⊂ G ′ are connected, reductive, and quasi-split algebraic groups such that G ′ = G · Rad(G ′ ), and let X be a G-variety. Then
The flag varieties of G and G ′ are isomorphic; we denote them by F . The map
Thus the number of components of Rad(G ′ )×(X ×F ) G is not smaller than the number of components of (X ′ × F ) G ′ , which implies the assertion.
Lemma 3.2.4. Let i : G ′ → G be an isogeny of connected reductive algebraic groups and let X be a G space. Then
The goal of this appendix is to explain how to derive Theorem 2.2.2 from the literature. In § §A.1 we discuss the general notion of a character sheaf and explain that, for groups of type GL, they are all induced (i.e. coincide with Definition 2.2.1).
In § §A.2 we discuss the classification of characters and their relation with character sheaves, and explain that characters of groups of type GL can be obtained by the sheaf to function correspondence from character sheaves.
A.1 All character sheaves are induced for GL n In this subsection, all reductive groups are defined over the algebraic closure of a finite field Proposition A.1.1. Let G = i GL n i and assume that n 1 > 1. Then there are no irreducible cuspidal character sheaves on G.
Proof. Assume the contrary, and let A be an irreducible cuspidal character sheaf on G. By [Lus86, II.7.1.1], there is an integer k prime to q such that A is equivariant with respect to the action of G × Z(G) on G given by (g, z) · h = g −1 hgz k . Let O be the orbit of a regular unipotent element. By [Lus86, II.7.1.2] A is the IC-extension of a G × Z(G)-equivariant local system E on O. Since the centralizer of every element in O is connected, the restriction of E to any G-orbit is trivial. By [Lus86, II.7.1.3], for every parabolic P = LU = G and any g ∈ L, we have
Taking P = B and g = 1, the variety U ∩ O is open in U, is contained in a G-orbit, and dim O/Z(G) − dim Ad(G)g = 2dimU. Hence,
contradicting (1).
Corollary A.1.2. Let G = i GL n i . Then all character sheaves on G are induced (in the sense of Definition 2.2.1).
A.2 Characters and character sheaves
Let G be a connected reductive group defined over F q . We summarize the classification of irreducible characters of G(F q ) described in [Lus84]:
1. For every integer n, which is prime to q, and every line bundle L over the flag variety In the case G is trivial, the pairing is the projection to the second coordinate.
9. For every family F and every x ∈ M(G F ⊂ G F ), Lusztig defines in [Lus84, 4.24 .1] a virtual representation R F ,x of G(F q ). In view of the above, this definition implies that, in the case where G has type GL, R x,F is a root of unity times the irreducible representation corresponding to the single element of M(G F ⊂ G F ) under the bijection in 7. These elements are called almost characters, see [Lus84, 13.6 ].
The relation between almost characters and character sheaves is given by the following:
10. [Sho95, Theorem 5.7] implies that, if G is a group of type GL and R is an almost character of G, then there is a Frobenius-invariant character sheaf A, a Weil structure on A which is pure of weight dim G − dim supp A ([Sho95, 1.4.1]), and a root of unity ζ such that R = ζχ A .
Theorem 2.2.2 follows now from 1,7,9,10, and Corollary A.1.2.
